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All people agree that critical thinking is very important. But it is not easy to 

decide when and where students should learn about it, which subjects are the 

best for the development. According to a study there are four main fields which 

are important in the development of critical thinking: argumentation, logic, 

psychology and the nature of science. In this study we would like to present 

some problems from the History of Mathematics, paradoxes and exercises, 

which can be good to develop critical thinking. Georg Cantor proved that the 

interval [0; 1] and the unit square have the same cardinality. He was shocked, 

and he wrote in a letter: „I see it, but I don’t believe it.” We hope that our study 

will show, how can critical thinking help us to believe what we can see. 

When a young girl or boy starts her or his Mathematical study in the 

secondary school, she or he meets the sets first. Teachers try to explain what a 

set is, why sets are important, how we can demonstrate them, what kind of 

operations we can use between sets, and what is the meaning of the cardinality 

of a set, which is the measure of the elements of them. This definition is easy, 

when we are talking about finite sets. But if we compare the cardinalities of 

infinite sets, we can see some interesting things. 

Students learn about the sets of numbers first. They define the natural 

numbers as the cardinality of finite sets, the whole numbers as the results of 

subtractions of natural numbers, the rational numbers as the quotients of whole 

numbers. It is not too difficult to present that we can find numbers which can’t 

be the quotient of whole numbers (like the square root of 2). So we have 

irrational numbers, too. That is the reason why we need a new set: the set of the 

real numbers. 

After that the question is given: what is the cardinality of these sets, we 

should compare them. The answer, what teachers get from students is always 

wrong. They think that there are more whole numbers than natural, more 

rational than whole. Teachers try to prove, that the cardinality of the sets of the 

natural and whole number is the same: there is a function between the elements 

of the two sets. Most of the students can’t believe it easily. To prove, that the 

cardinality of the sets of the whole and rational numbers is equal, is more 

difficult. Teachers don’t do it in the secondary school. After these conclusions, 



students think that the cardinality of the rational and real numbers equal. They 

are wrong, but they start thinking critically after this conclusion. 

Teachers talk about the relation between the real numbers and a line: the 

cardinality of the two sets is the same. But what will be the result if we compare 

two different segments or a segment and a line? The result is unbelievable. 

There are the same number of points on each object. 

These examples are good to motivate students to start thinking critically, 

and Mathematics can help in it. Unfortunately, there is not enough time to 

develop this, because the students have to learn a lot, they learn how to use 

models and formulas. Logical and critical thinking is not as important as being 

able to use formulas. It was the result of a research. We give two very simple 

problems to the students aged between 14 and 18 (9-12th grades in the secondary 

school), and we compared the answers. 

The first problem was about the dry cucumber content. We found this 

problem in the book about Mathematics written by Vincent van der Noort. 

We have a 200 g cucumber, 99% of which is water. The content of water 

in the cucumber decreases after one day: only 98% is water. What is the weight 

of the cucumber now? 

Vincent van der Noort wrote in his book that he asked his friends about 

the result, and a most of them gave wrong answer. But it is not difficult to 

calculate the correct result. If 200 g means 100%, and 99% is water, then 1% is 

the dry cucumber content, which is 2 g, and it is constant. After that the 

cucumber lost water (only 98% is water) the dry cucumber content is 2%. If 2 g 

means 2%, that 100 g is 100%, so the new weight of the cucumber is 100g. 

We asked the students in our school. They tried to solve this problem. It 

was very interesting to realize that most students (40%) thought, the weight of 

the cucumber will be 200 g, so it won’t change. The other famous answer was 

198 g (32%). Only 2% of the students gave the correct answer. This means, that 

teachers have to spend more time to deal with percentage calculation. 

There are some similar exercises. The weight of the ripe plum’s corn is 

the 5% of the plum. The pitted plum contains 90% water and 10% dry plum. 

The plum wastes water during the drying until the pitted plum contains only 5% 

water, the rest is dry plum. (This is the pitted plum.) Prove that 1 kg pitted plum 

can be produced from 10 kg plum. (It was a final exam exercise in 2007.) The 

freshly mown grass contains 60% water, the hay contains 15% water. How 

much hay can be produced from 1000 kg grass? (You can find this problem in a 

book, which helps the students to practice for the final exam.) The 7,3% of the 



milk’s weight is sour cream. The 62% of the cream is butter. We would like to 

have 5 kg butter. How much milk do we need? (It was a final exam exercise in 

1988.) 

The second problem was a political puzzle. You can find this problem in 

Raymond Smullyan’s book The Lady or the Tiger? and Other Logical Puzzles. 

A certain convention numbered one hundred politicians. Each politician was 

either crooked or honest. We are given the following two facts: (1) At least one 

of the politicians was honest. (2) Given any two of the politicians, at least one of 

the two was crooked. Can it be determined from these two facts how many of 

the politicians were honest and how many were crooked? 

Mr. Smullyan wrote in his book that people give wrong answers mostly. 

They think, that there are 50 crooked and 50 honest, or 49 crooked and 51 

honest. But the correct answer is: there is only one honest. It is very easy to 

prove. The statement „given any two of the politicians, at least one of the two 

was crooked” means, if we choose two people from the group, it is impossible, 

that both of them are honest (at the same time). There are no two honest people, 

only one. 

Let’s see, what were the answers in our secondary school. 26% of the 

students vote for 50 crooked and 50 honest. 7% thought, that there are 49 honest 

and 51 crooked in the group. It was a good result, that 54% of the students gave 

the correct answer. 

These two researches show to the teachers, that the students would like to 

and are able to think logically. What teachers do at school in Mathematics is to 

teach models, formulas, we solve a lot of exercises to practise and prepare for 

the final exam, but we have lost what Mathematics really means: use your brain 

and think logically. Students must dare to think, to ask, to doubt and to discover. 

That is the reason why we started to deal with critical thinking. 

All people agree that critical thinking is very important in one’s life. But 

it is not easy to decide when and where students should learn about it, which 

subjects are the best for the development of critical thinking: Mathematics, 

Sciences or Grammar? Is it enough if students start with critical thinking at the 

university, or should it begin earlier? And which activities are the best for the 

development? 

According to a study (iflscience.com, theconversation.com) there are four 

main fields which are important in the development of critical thinking: 

argumentation, logic, psychology and the nature of science. 



Arguing is an intellectual process for learning, for agreement or 

disagreement with something, for finding and analysing arguments. We use 

premises, which are true, and which are enough to make correct conclusions by 

the rules of logic 

We need formal and informal logic, the deduction and induction to make 

true conclusions. We usually use deduction to prove something in Mathematics, 

and induction is used by other sciences. We have to know the logic, if we would 

like to decide if an argumentation is true or false, otherwise the incorrect logical 

formulas cause mistakes in argumentation. These are very important for rational 

thinking. 

It is very important to know, how our mind works. Most teachers think 

that students think in a linear way and rationally. But it isn’t true. The decision-

making algorithms are very complicated. That is the reason why we have to 

know some psychological processes. 

We have to know some general principles of the sciences to be able to 

evaluate every information. We have to know what hypotheses, theories and 

laws mean. But if we would like to manage a set of information, we need to 

know the laws and elements of statistics too. 

If teachers present these four main topics to students, they will have a 

common language to talk about the process of thinking. They have to define 

conclusion, analyses, evaluation, proof and categorization together. These are 

the principles of critical thinking. 

In this study we would like to present some problems from the History of 

Mathematics, paradoxes and exercises, which are good – in our opinion – to 

develop critical thinking. 

Zeno’s paradox is about Achilles and the tortoise. Achilles is in a footrace 

with the tortoise, which can start the race 100 foot closer to the destination. 

After the beginning, both of them start running, and the distance between 

Achilles and the tortoise will decrease, but it won’t be zero, so Achilles can’t 

catch the tortoise. It means, it is impossible to reach anything in finite steps, 

which is a paradox in the real world. 

If I would like to reach a house, then I have to do first the half of the way 

between us, then the half of the rest of the distance (the quarter of the whole 

way), then the half of the rest distance (the eighth of the whole way), and so on. 

There is a sequence: an = 1/ 2n, which element’s sum won’t be 1, if n is a natural 

number. (For example, the sum of the first ten elements is 1023/1024 ≈ 0,999, 

which is lower than 1.) But if we know the formula, which can help us to add all 



the infinite elements of this sequence, then the result will be 1. So, the paradox 

is solved. 

This problem can help us to present that repeating decimals can be written 

by the quotient of two whole numbers. And we can prove, that 0,999… equals to 

1. If we use the a = 0,999… formula, then 10a = 9,999…, and if we subtract the 

left and right sides of these two equations, we get 9a = 9, which means, that a = 

0,999… = 1. (We will get this result if we calculate the sum of the infinite 

elements of the geometric series.) 

Epimenides’ paradox is also very famous, it can show the meaning of 

logic. Epimenides was a Cretan who made one immortal statement: „All Cretans 

are liars.” (It is better, if we use these shapes of the statement: „I am lying 

now” or „I always lie.” or „This sentence is false.”, because Epimenides wasn’t 

the only Cretan.) 

Hanged or Drowned? You can find this interesting puzzle, paradox in 

What is the name of this book? written by Raymond Smullyan. „In this popular 

puzzle, a man has committed a crime punishable by death. He is to make a 

statement. If the statement is true, he is to be drowned; if the statement is false, 

he is to be hanged. What statement should he make to confound his 

executioners?” (All he has to say is, "I will be hanged.") 

Bertrand Russell created the barber paradox: the barber is the one who 

shaves all those soldiers, and those only, who do not shave themselves. The 

question is, does the barber (who is also a soldier) shave himself? It is 

impossible to answer this problem. (We can read this in Smullyan’s book: „If he 

does, then he is violating the rule, since he is then shaving someone who shaves 

himself. If he doesn't, then he is again violating his rule, since he is failing to 

shave someone who is not shaving himself.”) 

Georg Cantor proved that the interval [0; 1] and the unit square [0; 1] × [0; 

1] have the same cardinality. He was shocked, and he wrote about this in a letter 

dedicated to Dedekind this way: „I see it, but I don’t believe it.” Peano’s proof is 

very imaginative: he created a curve, which contains each points of the square. 

The coupon collector’s problem is also interesting. Children often collect 

pictures of soccer players or celebrities, which can be sticked into albums. They 

get these stickers in non-transparent envelopes, so they don’t know, whose 

picture is in it. If there are n pictures in the album, then how many stickers must 

somebody get, to have a picture of every stars? The answer is: n·lnn. If there are 

200 pictures in the album, then we have to get about 1060 stickers. There are 

periods in shops sometimes: if you pay 5€ after shopping, you will get an 



envelope. There are usually 5 stickers in an envelope, so we have to pay 212 

times 5 € (1060€), to get this album. 

Simon Newcomb realised in 1881, that the first pages of the books with 

logarithmic values are more used than the last pages. So, we search the numbers, 

which first digit is 1, 2 or 3 more often than the other numbers. Frank Benford 

created his formula related to this discovery in 1938. If you have a set of 

numbers, the frequency of the first digit of these numbers can be approximated 

with this formula: P(d) = lg (1 + 1/d), d =1; 2;…; 9. If the numbers in a set don’t 

approximate these values, then the set may contain false data. Of course, you 

can’t use this formula in special sets: numbers of the lottery game, height or IQ 

of people. But if you collect all the numbers in a newspaper, and create a set 

with these numbers, then the Benford’s formula will work. Same is with the 

results of the interest rate calculation. 

The St. Petersburg paradox was invented by Nicolaus Bernoulli, which 

was published by his cousin, Daniel Bernoulli. Peter tosses a fair coin until the 

first head. Paul gives him 1$, if the first tossing is head, Peter gets 2$, if the 

second is head, 4$, if the third tossing is correct, 8$, if the forth and so on. So, 

the sum of the money is doubled after each following tossing. Paul has to decide 

how much money will be enough for this game. 

We can see some calculations in this table. 

 

Which 

tossing will 

be head? 

The event 

(heads or tails) 

The 

probability 
The money ($) 

The expected 

value of the 

prize 

1 H 1/2 1 1/2·1 = 1/2 

2 TH 1/4 2 1/4·2 = 1/2 

3 TTH 1/8 4 1/8·4 = 1/2 

4 TTTH 1/16 8 1/16·8 = 1/2 

n TT…TH 1/2n 2n–1 1/2n·2n–1 = 1/2 

 

If we add the expected values of the prizes, then we have to add 1/2 

infinity times, so the result will be infinite. This may mean, that Paul can start 

this game with as much money as he wants. Bernoulli thought that the rules of 

the game must be changed. Because the value of the money is not the same for 

poor and rich people. 

We can read an interesting argumentation in the book Winnie the Pooh 

written by A. A. Milne. „’That buzzing-noise means something. You don't get a 



buzzing-noise like that, just buzzing and buzzing, without its meaning something. 

If there's a buzzing-noise, somebody's making a buzzing-noise, and the only 

reason for making a buzzing-noise that I know of is because you're a bee.’ Then 

he thought another long time and said: 'And the only reason for being a bee that 

I know of is making honey.' And then he got up and said: 'And the only reason 

for making honey is so as I can eat it.’” Is this argumentation true or false? 

Let’s write this thought in a simpler way! „There is a buzzing-noise here. 

If there's a buzzing-noise, somebody's making a buzzing-noise, and the only 

reason for making a buzzing-noise that I know of is because you're a bee. If you 

are a bee, then you make honey. So there is honey here.” 

Let’s formalize the statements we can find in the text! A: There is a 

buzzing-noise here.; B: Somebody's making a buzzing-noise.; C: Somebody is a 

bee.; D: There is honey here. The formula for this conclusion is: (A, A→B, 

B→C, C→D) → D , which is correct. 

There is an other example, which is worth to analyse. We can read it in 

the novel Catch – 22 written by Joseph Heller: „There was only one catch and 

that was Catch-22, which specified that a concern for one's safety in the face of 

dangers that were real and immediate was the process of a rational mind. Orr 

was crazy and could be grounded. All he had to do was ask; and as soon as he 

did, he would no longer be crazy and would have to fly more missions. Orr 

would be crazy to fly more missions and sane if he didn't, but if he was sane he 

had to fly them. If he flew them he was crazy and didn't have to; but if he didn't 

want to he was sane and had to. Yossarian was moved very deeply by the 

absolute simplicity of this clause of Catch-22 and let out a respectful whistle. 

’That's some catch, that Catch-22’ he observed.” 

There are some interesting statements in this text. Some can be true, but 

one („If he flew them he was crazy and didn't have to; but if he didn't want to he 

was sane and had to.”) is always false. But this novel is very good for the 

development of critical thinking, so we can allow it. 

Finally (after these problems) we can agree that using logic, the critical 

thinking are very important. We can read it in the detective story The Adventure 

of the Beryl Coronet: „When you have excluded the impossible, whatever 

remains, however improbable, must be the truth.”, which summarizes what we 

believe about logical and critical thinking. 
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